Abstract-The Entropy-TVD scheme was developed for the nonlinear scalar conservation laws in [1].The scheme with step reconstruction simultaneously compute the two numerical entities, the numerical solution and the numerical entropy, and numerical examples show that the scheme provides a super-convergence rate. In this paper, we present an Entropy-Monotone scheme with linear reconstruction for the non-linear scalar conservation laws. The GRP fluxes are used to compute numerical fluxes. Numerical tests show that the convergent rates of EntropyMonotone scheme are more stable than Entropy-TVD scheme and Entropy-Monotone scheme has better resolution of shocks and corners of rarefaction waves.
INTRODUCTION
As we all know, the solutions of the hyperbolic conservation laws might develop discontinuity even if the initial conditions are very smooth. Once encounter discontinuity, the classical solutions are no longer satisfied in the classic sense but are satisfied in the weak sense. Although weak solutions allow for discontinuities, they may not be unique in general. Thus, in order to obtain unique physical solution, it need impose an extra entropy condition. Many schemes does not satisfy the entropy condition, such as the famous Roe scheme [2] . A lot of entropy fix techniques were developed to modify the Roe scheme, see [3] , [4] . Entropyconservative schemes and entropy-stable schemes were presented, see [5] , [6] , [7] , [8] .
Recently, Li, Wang and Mao presented a new type of finite volume scheme for numerical simulations of evolution partial differential equations, see [9] , [10] , [11] , [12] , [13] , [14] and [1] . Different from the traditional Godunov-type schemes, the scheme involves two numerical entities, numerical solution and numerical entropy, and maintains the conservation of both the solution and the entropy. The reconstruction of the schemes are based on physical relations. The entropy scheme was firstly presented by Li and Mao the entropy scheme for the linear advection equation in [10] . However, when computing discontinuous solutions, the entropy scheme produced spurious oscillations near discontinuities. To fix this problem, in [12] , Li and Mao extended the entropy scheme for the linear advection equation to the Euler equations of compressible gas dynamics and proposed the so-called Entropy-Ultra-Bee scheme which is the marriage of the entropy scheme and the Ultra-bee scheme. The Entropy-UltraBee scheme is of an oscillation-free scheme which has good resolution in smooth regions as well as near discontinuities. In [14] , Cui and Mao revealed that the entropy scheme had an error self-canceling mechanism and showed that the scheme was super convergent.
In [1] , Chen and Mao developed the Entropy-TVD scheme for the non-linear scalar conservation laws. Chen and Mao gave some good properties of the scheme, such as feasibility, TVD and entropy condition satisfaction. But the convergent rates of Entropy-TVD scheme are not stable, especially the convergence rates of L1 swing up and down in 1.
In this paper, we present an Entropy-Monotone scheme. Using linear reconstruction, a generalized Riemann problem is solved for computing the numerical fluxes. We compute the numerical solution in conservative fashion; however, we compute the numerical entropy in non conservative fashion because there maybe encounter discontinuity. The feasibility of the scheme is proved and the entropy condition is satisfied.
The organization of this paper is as follows. SectionⅠ is the introduction. In Section Ⅱ, the Entropy-Monotone scheme is described. In Section Ⅲ, we present several numerical examples, which show that the convergent rates of EntropyMonotone scheme are more stable than Entropy-TVD scheme and Entropy-Monotone scheme has better resolution of shocks and corners of rarefaction waves. Finally, the conclusion is given in section 5.
II. ENTROPY-MONOTONE SCHEME FOR NONLINEAR ADVECTION EQUATIONOF
We consider the following initial value problem of the nonlinear advection equation
where u and ( ) f u are scalars. For simplicity, we assume ( ) f u is a strict convex function of u .
A physically meaningful solution require (1) satisfies the entropy condition
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where ( ) F u is the entropy and ( ( ); ( )) U u F u is an entropy pair for the system. The equality in (2) holds in smooth region, where the total entropy is conserved. But it decreases across a shock.
For simplicity, we assume that the grid points i
x are uniformly distributed with the cell size dx and we also denote the cells by ( ) Eq. (7) means that the entropy cell-average of the reconstructed solution is equal to the numerical entropy in the cell.
We then compute a monotone slope 
III. NUMERICAL EXPERIMENTS
In this section, we show some results of EntropyMonotone scheme with GRP numerical fluxes for several examples. We consider Eq. (1) to be the Burgers equation. The CFL number is taken to be 0:2 and is taken to be 2. To test our scheme and comprise with Entropy-TVD scheme, recompute of the numerical examples in [1] . The "New" stands for the numerical solution computed by the Entropy-Monotone scheme. 
